· Problem Statement


Investigate the behavior of an ant sitting on the rim of a wheel that is both spinning and moving linearly.  Examine the ant’s path in terms of its height and distance from the starting point and compare it to the path of the center.

· Description of Experiment


The objective of the experiment was to build an experiential basis for the cycloid and related functions.  The actual experiment was to create an example of an ant on a wheel, such as a bicycle wheel, and collect all relevant data associated with the ant or the wheel.  

Materials needed for each group of four included: one wheel; several meter sticks; tape; string; several stickers of one color to mark the angles; one sticker of another color to mark the ant; four “The Ant on the Wheel” instruction sheets; four data collection sheets; four graph papers; and one overhead graph sheet. 

The instruction sheet
 contained the directions for the experiment to be carried out properly.  First, each group needed to collect all required materials and find a place in the classroom or hall, preferably along the wall that provided plenty of space to roll the wheel three to four meters.  Two group members then divided the wheel into at least eight equal parts using stickers to mark each angle; while the other group members taped three meter sticks to the floor in a straight line.  The ant sticker is placed on the rim of the wheel at one of the angle marks.  Position the wheel at zero with the ant at the lowest point of the wheel.  At this time record the following relevant information on the data collection sheet
: the angle turned, the height of center, the height of ant, the distance from start to center; and the distance from start to ant.

[image: image1.wmf]The wheel is the turned to the first angle mark.  Again record all relevant information.  Continue turning the wheel and recording data for at least two turns of the wheel.  Each group member graphs a personal sketch of the data
 and then the group decides on one graph to put on the overhead to share the group’s results with the class.  Below is a GSP representation of the ant on the wheel after one rotation of 45.

· Results of Experiment


The data collected from the experiment is typed into an Excel spreadsheet
 so the computer can construct graphs.  The first graph
 shows the relationship between the angle of rotation and the height of the center of the wheel and the ant.  Notice how the center of the wheel stays constant when the wheel is rolled down the hall.  The ant, however, makes a pattern that is periodic and resembles a sin wave function.  


The second graph
 reveals the angle of rotation against the difference in distance traveled from the starting point to the center of the wheel and to the ant.  Notice how the distance traveled by the center is a linear line and the distance traveled by the ant is again like a sin wave on an upward angle.  Also, the graph demonstrates the fact that the ant is sometimes behind the center of the wheel, other times in front and every 180 at the same horizontal place.  


The third graph
 represents the distance of the center versus the height of the center.  The graph is a straight horizontal line because the center stays constant through the rolling of the wheel.  


The fourth graph
 is path of the ant and this path is called a cycloid.  Notice how the ant starts at zero, reaches the maximum height, returns to zero and again reaches the maximum height.  There are curves only at the top of the graph and a ‘v’ with a point shape when the ant reaches the ground. 
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Below is a GSP picture of the path of the ant and the path of the center as the wheel rolls down the hall.  The path of the ant is in red and the path of the center is in blue.  Observe that the paths in the picture are identical to the graphs of the data in graphs three and four. 

· Developing Formulas 


Wouldn’t it be helpful to develop formulas for all possible radii of wheels?   Below is a very large GSP picture to help develop and explain these formulas.
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First let’s explain what all the points in this picture represent.  C is the center of the circle.  E is the point of intersection of the ground and the circle.  CE is a perpendicular to the ground.  Segment GD is perpendicular to the ground and goes through the ant’s position on the wheel.  G is where segment GD intersects the vertical axis and D is where segment GD intersects CE.  Ant, of course, represents the ant (, the radius of this circle is r, and angle ECAnt is referred to as theta ().  
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The easiest is the segment Ant to C because this is a radius of the circle, so AntC = r.  We know from geometry that the arc length is equal to the radius times the angle.  The arc length of E to the Ant = r.  We also now that segment GD is equal to the arc length, so GD = r as well.  Now, think of AntDC as a right triangle.  Segment CD is the adjacent leg and AntD is the opposite leg  in reference to angle   The sin = AntD/r and the cos = CD/r.  Therefore, AntD = r * sin  and CD = r * cos .  

Now that we now the lengths of AntD and CD, we can find the lengths of DE and AntG.  Segment DE plus segment DC is equal to CE.  CE is equal to the radius, so DE is equal to the radius minus DC.  Now substitute what we now about DC.  DE = r – r * cos .  This formula gives us the height and y coordinate of the ant.  We also know that segment GD is equal to AntG plus AntD.  Segment AntG then equals GD minus AntD.  Again, we substitute what we know this time about GD and AntD, and AntG = r– r * sin .  This formula gives us the distance traveled from the starting position and the x coordinate of the ant.  The formulas for the height and distance traveled by the ant can now be used with any radius.

· Formula Based Data

Now that we have the formulas for the height and distance traveled by the ant, we can use them in an excel spreadsheet
 to produce lots of data and then make graphs.  The first column in the spreadsheet is the position number, starting at zero and going to 72 to complete two whole rotations.  The second column contains the angle associated with that position.  The angle is equal to the position t times 10 times  all divided by 180.  The next two columns are the sine and cosine of the angles.  Columns five and six show the distance from the starting position to the center and to the ant, respectively.  The distance of the center is found by multiplying the radius times the angle.  The distance of the ant is the formula from above, radius * ( – sin ).  Columns seven and eight are the height of the center and the height of the ant, respectively.  The height of the center is constantly the radius of the circle.  The height of the ant is the formula from above, radius *(1 – cos ).  

At this time the best thing to do with all this data is to graph it!  The first graph
 shows the relationship between the angle of rotation and the height of the center of the wheel and the ant.  Notice how this graph is almost identical to the graph in Appendix 5. 


The second graph
 reveals the angle of rotation against the difference in distance traveled from the starting point to the center of the wheel and to the ant.  Notice how this graph is almost identical to the graph in Appendix 6. 


The third graph
 represents the distance of the center versus the height of the center. This graph is almost identical to the graph in Appendix 7.


The fourth graph
 is path of the ant, the cycloid.  Notice how this graph is almost identical to the graph in Appendix 8.  Is it coincidence that the graphs in appendices 10 – 13 are almost identical to the graphs in appendices 5 – 8?  No!  

This means are formulas work with the data from our experiment.

Appendix

1. Instruction Sheet

2. Data Collections Sheet

3. Graph of Data

4. Excel Sheet 1 with Experiment Data

5. Graph (a) ~ Angle vs. Height of Center and Height of Ant 

6. Graph (b) ~ Angle vs. Distance of Center and Distance of Ant 

7. Graph (c) ~ Distance of Center vs. Height of Center

8. Graph (d) ~ Distance of Ant vs. Height of Ant

9. Excel Sheet 2 with Formula created Data

10.  Graph (a) ~ (Formula) Angle vs. Height of Center and Height of Ant 

11.  Graph (b) ~ (Formula) Angle vs. Distance of Center and Distance of Ant 

12.  Graph (c) ~ (Formula) Distance of Center vs. Height of Center

13.  Graph (d) ~ (Formula) Distance of Ant vs. Height of Ant

The Ant on the Wheel
Group members (underline your name):









Objective: To build an experiential basis for the cycloid and related functions

Material each group: one wheel, tape measures or meter sticks; tape, string, stickers for marking the angles; four data record sheets; four graph papers; one overhead foil; one sticker (ant) for each group;

Directions:

· Collect the materials for your group;

· Find a place in the classroom or hall that provides enough space to four three-four meter sticks, possibly more; work along a wall if possible;

· If you are in the hall please be considerate of other classes; keep down your voices as much as possible;

· Divide your wheel into a suitable number of parts (at least eight, more will be better);

· Place a sticker on the rim of the wheel to mark the ant;

· Roll out the tapes on a straight line or place several meter sticks front to back;

· Position the wheel at 0 with the ant at the lowest point of the wheel;

· Turn the wheel a pre-determined amount; record the relevant data after every turn;

· Complete at least two turns of the wheel;

· Graph your data; be sure to think about suitable scales for the two axes; also, every group member should choose a different graph so that you can share the results;

· Graph one set of data on the provided overhead for presentation in class.

Data Collection Sheet

	angle
	height of center
	height of ant
	distance of center
	distance of ant

	0
	
	
	
	

	45
	
	
	
	

	90
	
	
	
	

	135
	
	
	
	

	180
	
	
	
	

	225
	
	
	
	

	270
	
	
	
	

	315
	
	
	
	

	360
	
	
	
	

	405
	
	
	
	

	450
	
	
	
	

	495
	
	
	
	

	540
	
	
	
	

	585
	
	
	
	

	630
	
	
	
	

	675
	
	
	
	

	720
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